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A CHARACTERISATION OF LIE ALGEBRAS
VIA ALGEBRAIC EXPONENTIATION
XABIER GARCÍA-MARTÍNEZ AND TIM VAN DER LINDEN
Abstract. In this article we describe varieties of Lie algebras via algebraic
exponentiation, a concept introduced by Gray in his Ph.D. thesis. For K an
infinite field of characteristic different from 2, we prove that the variety of
Lie algebras over K is the only variety of non-associative K-algebras which is
a non-abelian locally algebraically cartesian closed (LACC) category. More
generally, a variety of n-algebras V is a non-abelian (LACC) category if and
only if n “ 2 and V “ LieK. In characteristic 2 the situation is similar, but
here we have to treat the identities xx “ 0 and xy “ ´yx separately, since
each of them gives rise to a variety of non-associative K-algebras which is a
non-abelian (LACC) category.
1. Introduction
Which kind of a topology should a function space carry? This is a historically
important problem in topology, whose solution clearly depends on the properties the
function space should have. A standard requirement is a correspondence between
the continuous maps into a function space and those out of a cartesian product.
The classical answer of Fox [18] is the compact-open topology: if B, X and Y
are topological spaces, where B is regular and locally compact, and Y B carries the
compact-open topology, then there exists a natural bijection between the continu-
ous maps h : B ˆX Ñ Y and those of the form h˚ : X Ñ Y B. Category theory
expresses this by saying that the functor B ˆ p´q : TopÑ Top is left adjoint to the
functor p´qB : TopÑ Top; the space B is then called exponentiable.
In that same article it is also explained that while the conditions on B can
be weakened, it is impossible to entirely remove them. That is to say, non-
exponentiable spaces exist, and the category Top of all topological spaces and con-
tinuous maps between them is not cartesian closed : certain functors B ˆ p´q do
not admit a right adjoint. Later the work of Day and Kelly [14] gave a precise
characterisation of those spaces which are exponentiable. This led to further devel-
opments where the problem was considered in slightly different contexts, as well as
in situations which are quite far from topology.
Indeed, cartesian closedness is a property with important consequences, which
may be considered whenever there are cartesian products. As explained in [17, 26]
its definition easily extends to more general settings involving any kind of a mon-
oidal product. Many examples have been considered in the literature; for instance,
the categories of sets, categories, or cocommutative coalgebras over a commutative
ring are cartesian closed, while categories of vector spaces are closed with respect
to the tensor product.
2010 Mathematics Subject Classification. 08C05, 17A99, 18B99, 18A22, 18D15.
Key words and phrases. Lie algebra; locally algebraically cartesian closed category; algebraic
exponentiation.
This work was partially supported by Ministerio de Economía y Competitividad (Spain), grant
number MTM2016-79661-P. The first author is a Postdoctoral Fellow of the Research Foundation–
Flanders (FWO). The second author is a Research Associate of the Fonds de la Recherche
Scientifique–FNRS.
1
2 XABIER GARCÍA-MARTÍNEZ AND TIM VAN DER LINDEN
Recently, in the work of Gray [20, 22] and Bourn–Gray [4], a different kind of
closedness was considered, which is meant to be more appropriate to non-abelian
algebraic contexts [24, 13]. Here the cartesian product functor Bˆp´q is replaced by
a functor B5p´q which happens not to be induced by a monoidal product. However,
both the examples and the general theory seem to indicate that in the setting of
semi-abelian categories [23], this is the right thing to consider [3, 5, 11, 19, 2, 12, 16].
The aim of our present article is not to give an overview of this theory—for
that we refer the reader to [19] and the references there—but rather to prove one
specific result: amongst all varieties of non-associative algebras over an infinite
field, there exists precisely one variety that forms a non-abelian category whose
objects are exponentiable with respect to the functors B5p´q, namely the category
of Lie algebras. (As we shall see, there is actually one exception to this rule: when
the characteristic of the field is 2, there are two solutions, since we then have
to distinguish between the identities xx “ 0 and xy “ ´yx.) Here, by a non-
associative algebra we mean a vector space equipped with a bilinear operation.
In a variety of algebras V which is a semi-abelian category—for instance, V
could be any variety of non-associative algebras—for any object B the functor
B5p´q : V Ñ V takes an object X and sends it to the kernel B5X of the universally
induced morphism p1B 0q : B`X Ñ B. As explained in [3, 5], functors of this kind
play a key role in the description of internal actions (which correspond to split
extensions via a semi-direct product construction) as algebras for a monad. It also
appears in a characterisation of the concept of a locally algebraically cartesian
closed (LACC) category [20, 22, 4]. The variety V is such, if and only if each
functor B5p´q : V Ñ V , equivalently,
(1) is a left adjoint;
(2) preserves all colimits; or
(3) preserves binary sums.
This condition has some strong categorical-algebraic consequences, as explored in
the above-mentioned papers and in [11].
In the article [21], Gray proved that the variety LieK of Lie algebras over a field K
is a (LACC) category. (Actually, he proved it for Lie algebras over a commutative
ring with unit.) In our article [19] we managed to find a partial converse to this
theorem: we showed that the condition (LACC) characterises Lie algebras amongst
K-algebras with an alternating multiplication (xx “ 0). The result is a simple
categorical description of the Jacobi identity. We did, however, fail to remove
the requirement that the identity xx “ 0 must hold. At the same we failed to
understand why a subvariety of the variety of Lie algebras cannot be a locally
algebraically cartesian closed category, unless its algebras carry the zero product.
(In other words: unless xy “ 0 is an identity, which is equivalent to saying that the
category is abelian.)
The purpose of our present paper is to clarify those two issues. We present
a new and self-contained analysis of the condition (LACC) for categories of non-
associative algebras, with the concrete aim of proving that over an infinite field K
of characteristic different from 2, there is precisely one non-abelian example: the
category LieK of Lie algebras over K.
In Section 2 we start by recalling some definitions and basic properties of varieties
of non-associative algebras, with in particular an analysis of the objects B5X in this
context. This leads to Theorem 2.8 which provides a summary of the main result
of [19]. Section 3 is devoted to the commutative case. We actually prove that there is
no commutative case: if K is an infinite field of characteristic different from 2 and V
is a variety of commutative K-algebras that forms a (LACC) category, then V is an
abelian category (Theorem 3.2). As a consequence we obtain Corollary 3.3, which
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says that any variety of K-algebras satisfying an identity of degree 2 is a subvariety
of LieK as soon as it is a (LACC) category. In characteristic 2 we prove a version
of Corollary 3.3 for the variety qLie
K
of quasi-Lie algebras, which by definition
satisfies the Jacobi identity and the identity xy “ yx “ ´yx (Corollary 3.5).
Section 4 contains this paper’s first major result, Theorem 4.1. It says that,
in characteristic zero, Corollary 3.3 does in fact describe the general case, since a
variety of non-associative algebras which doesn’t satisfy any non-trivial identity of
degree 2 cannot be a (LACC) category. The proof of this result involves a system
of 128 polynomial equations pfi “ 0q1ďiď128—see Appendix A. In order to show
that the system is inconsistent, we had to rely on a computer algebra system; we
chose to use an open-source package called Singular [15]. In Section 5 we extend
this to infinite fields of prime characteristic, adapting the approach in characteristic
zero to a proof of Theorem 5.1.
In Section 6 we combine these results with a proof that a variety of non-
associative K-algebras which is strictly smaller than LieK can only form a (LACC)
category when it forms an abelian category in order to obtain Theorem 6.3: a variety
of non-associative K-algebras which forms a non-abelian (LACC) category is either
the variety of Lie algebras over K (when charpKq ‰ 2) or one of the varieties LieK
and qLie
K
(when charpKq “ 2). This result is then further sharpened in Section 7
where we prove that a variety of n-algebras viewed as a non-abelian semi-abelian
category can only be (LACC) when n “ 2—so that it is LieK or qLieK. This is our
main result, Theorem 7.3.
To conclude the article, in Section 8 we make a number of final remarks on
potential ways of extending our results to more general situations.
2. Preliminaries
2.1. Non-associative algebras. Let K be a field. A (non-associative) algebra
A over K is a K-vector space equipped with a bilinear operation AˆAÑ A. We
write Alg
K
for the category of non-associative algebras over K, with linear maps
between them that preserve the operation. A variety of non-associative algebras
is any equationally defined class of algebras, considered as a full subcategory V
of Alg
K
.
The variety LieK of Lie algebras over K is the variety of non-associative algebras
with a multiplication that is alternating (xx “ 0) and such that the Jacobi
identity
xpyzq ` zpxyq ` ypzxq “ 0
holds. Next to the Jacobi identity, instead of being alternating, the objects in
the variety qLie
K
of quasi-Lie algebras [25] over K satisfy anticommutativity
(xy “ ´yx). As long as the characteristic of the field K is different from 2, these two
varieties coincide. However, when charpKq “ 2, the variety LieK is strictly smaller
than qLie
K
.
If V satisfies commutativity xy “ yx instead of being alternating, it is the variety
of so-called mock–Lie algebras—see [28] for a survey on this type of algebras.
As is common for Lie algebras, we call an algebra abelian when it has a zero
product: xy “ 0. These algebras form a variety which is isomorphic to the category
of vector spaces over K.
2.2. The homogeneous components of a non-associative polynomial. In
order to state Theorem 2.4 (which is Corollary 2 on page 8 of [27]) we need to
fix some terminology. For a given set S, a (non-associative) polynomial with
variables in S is an element of the free K-algebra on S. Recall that the left ad-
joint Set Ñ Alg
K
factors as a composite of the free magma functor M : Set Ñ Mag
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with the magma algebra functor Kr´s : Mag Ñ Alg
K
. The elements of MpSq are
non-associative words in the alphabet S, and the elements of KrMpSqs, the poly-
nomials, are K-linear combinations of such words. A monomial in KrMpSqs is
any scalar multiple of an element of MpSq. The type of a monomial ϕpx1, . . . , xnq
is the element pk1, . . . , knq P N
n where ki is the number of times that xi appears
in ϕpx1, . . . , xnq, and the degree of a monomial is the sum of all ki.
A polynomial is homogeneous if its monomials are all of the same type; then
its degree is the degree of its monomials. Any polynomial may thus be written
as a sum of homogeneous polynomials, which are called its homogeneous com-
ponents. A homogeneous polynomial φpx1, . . . , xnq is called multilinear when
its monomials ψpxi1 , . . . , ximq have type p1, . . . , 1q P N
m. A multilinear identity
is an identity of the form φpx1, . . . , xnq “ 0, where φpx1, . . . , xnq is a multilinear
polynomial. In varieties of Lie algebras we know that:
Theorem 2.3 (Theorem 3 in Section 4.2 of [1]). In a subvariety of LieK, any
nontrivial identity has a nontrivial multilinear consequence. 
From now on, throughout the article we shall assume that K is an infinite field,
so that we can use the next result.
Theorem 2.4 ([27, 1]). If V is a variety of algebras over an infinite field, then
all of its identities are of the form φpx1, . . . , xnq “ 0, where φpx1, . . . , xnq is a
polynomial, each of whose homogeneous components ψpxi1 , . . . , ximq again gives
rise to an identity ψpxi1 , . . . , xim q “ 0 in V . 
2.5. The objects B5X. Let B and X be free K-algebras. The object B5X , being
the kernel of the morphism p1B 0q : B `X Ñ B, consists of those polynomials with
variables in B and in X which can be written in a form where all of their monomials
contain variables in X . For instance, given b, b1 P B and x P X , the expression
pbpxxqqb1 is allowed, but bb1 is not.
If now V is a variety of K-algebras, and B and X are free algebras in V , then
the situation changes only slightly, as follows. We may view the elements of B5X
as polynomials with variables in B and in X satisfying the condition mentioned
above, modulo those identities which hold in V that are expressible in terms of such
polynomials. Abusing terminology, we make no distinction between the polynomials
and the equivalence class to which they belong. See [19] for further details on this
issue.
2.6. The condition (LACC). As explained in [22], the condition (LACC) may be
expressed by asking that the canonical comparison map
pB5ιX B5ιY q : B5X `B5Y Ñ B5pX ` Y q
is an isomorphism. We shall only ever need this when the algebras under consider-
ation are free. In particular, from now on B will denote the free V -algebra on two
generators b, b1, and X and Y will denote the free V -algebras on one generator x
and y, respectively. We write b1 and b
1
1
, b2 and b
1
2
, when we consider a second copy
of B, so that pB5ιX B5ιY q sends b1 and b2 to b and b
1
1
and b1
2
to b1.
Thus, the structure of the algebra B5pX ` Y q is relatively simple, since it is the
subalgebra of the sum B ` X ` Y—the free V -algebra on four generators b, b1,
x, y—generated by the monomials containing an x or a y.
On the other hand, the algebra B5X`B5Y is harder to understand. It is the V -
algebra generated by the words formed by elements that belong to B5X and B5Y ,
formally, an x surrounded by a finite number of b1 and b
1
1 or a y surrounded by
a finite number of b2 and b
1
2
. Then, for example, the word pb1xqy belongs to
B5X ` B5Y , but bipxyq does not (unless xy “ 0, so that each algebra in V has a
zero product, which makes V an abelian category).
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Moreover, in par with the principle mentioned above, when dealing with iden-
tities in B5X ` B5Y , we need to be careful about what we use as input in the
polynomials that express the identities of V . For instance, if V is the variety of
associative algebras, then it is not true that pxb1qy “ xpb2yq in B5X `B5Y . How-
ever, the identity
`
ypxb1q
˘
y “ y
`
pxb1qy
˘
does hold. Another example: if pxb1qy is
zero in B5X ` B5Y , then either the identity pq “ 0 holds in V , or 0 P txb1, yu;
however, both cases imply that V is an abelian category.
2.7. (LACC) and the Jacobi identity. From the paper [19] we need the following
result, which we shall prove here for the sake of completeness.
Theorem 2.8. Let K be an infinite field and V a variety of non-associative algebras
over K. If V is a (LACC) category, then there exist λ1, . . . , λ8, µ1, . . . , µ8 in K
such that
zpxyq “ λ1pzxqy ` λ2pxzqy ` λ3ypzxq ` λ4ypxzq
` λ5pzyqx` λ6pyzqx` λ7xpzyq ` λ8xpyzq
and
pxyqz “ µ1pzxqy ` µ2pxzqy ` µ3ypzxq ` µ4ypxzq
` µ5pzyqx` µ6pyzqx` µ7xpzyq ` µ8xpyzq
are identities in V . If, furthermore, xy ` yx “ 0 holds in V , then the Jacobi
identity is an identity in V .
Proof. Since the comparison map pB5ιX B5ιY q : B5X `B5Y Ñ B5pX ` Y q is an
isomorphism, the element bpxyq in B5pX ` Y q must come from an element of
B5X `B5Y . Therefore, by Theorem 2.4 there must exist a homogeneous iden-
tity involving bpxyq that does not involve any of the monomials bpyxq, pxyqb or
pyxqb. This is the first identity in the statement of the theorem.
If now xy “ ´yx in V , then we can reduce the given identities to
zpxyq “ λypzxq ` µxpyzq,
for some λ, µ P K. Considering first y “ z, and then x “ z, we deduce that either
λ “ µ “ ´1, or zpzxq “ 0 is an identity of V . The first case is exactly the Jacobi
identity. In the second case, we see that
0 “ px` yqppx ` yqbq “ xpybq ` ypxbq.
Therefore, the comparison map sends xpyb2q ´ ypxb1q P B5X ` B5Y to zero in
B5pX ` Y q, which via (LACC) and Theorem 2.4 implies that each algebra in V
has a zero product. 
3. The commutative case
The aim of this section is to exclude, as much as possible, the case of commutative
algebras. Here the characteristic of the field K plays a role: when charpKq “ 2, the
equations xx “ 0 and xy ` yx “ 0 are no longer equivalent, so need to be treated
separately. On the other hand, then commutative = anticommutative.
We prove that if V is any variety of K-algebras satisfying an identity of degree 2,
then it is a subvariety of LieK as soon as it is a (LACC) category. In particular
then, its algebras are anticommutative.
Theorem 3.1. If K is an infinite field of characteristic different from 2, then a
variety of mock–Lie algebras over K is a (LACC) category if and only if it is an
abelian category.
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Proof. Let V be a variety of mock–Lie algebras over K, which by definition are
commutative and satisfy the Jacobi identity. Suppose that V is a (LACC) category.
On one hand we know that
pbb1qpxyq “ ´
`
pbb1qxq
˘
y ´
`
pbb1qyq
˘
x
“
`
pbxqb1
˘
y `
`
pb1xqb
˘
y `
`
pbyqb1
˘
x`
`
pb1yqb
˘
x
is an identity of V ; on the other hand,
pbb1qpxyq “ ´
`
bpxyq
˘
b1 ´
`
b1pxyq
˘
b
“
`
pbxqy
˘
b1 `
`
pbyqx
˘
b1 `
`
pb1xqy
˘
b`
`
pb1yqx
˘
b
“ ´pbxqpyb1q ´
`
pbxqb1
˘
y ´ pbyqpb1xq ´
`
pbyqb1
˘
x
´ pb1xqpbyq ´
`
pb1xqb
˘
y ´ pb1yqpbxq ´
`
pb1yqb
˘
x.
Therefore, using that 1` 1 ‰ 0 in K, we find that
`
pbxqb1
˘
y `
`
pb1xqb
˘
y `
`
pbyqb1
˘
x`
`
pb1yqb
˘
x` pbxqpb1yq ` pb1xqpbyq “ 0
is an identity in V . Hence since V is (LACC), in the sum B5X `B5Y we have
`
pb1xqb
1
1
˘
y `
`
pb1
1
xqb1
˘
y `
`
pb2yqb
1
2
˘
x`
`
pb1
2
yqb2
˘
x
` pb1xqpb
1
2yq ` pb
1
1xqpb2yq “ 0.
This equality holds in the free algebra B ` X ` B ` Y , so that by Theorem 2.4,
pb1xqpb
1
2yq “ 0 is an identity in V . Now the element pb1xqpb
1
2yq of B5X ` B5Y is
sent by pB5ιX B5ιY q : B5X `B5Y Ñ B5pX ` Y q to pbxqpb
1yq, which is thus zero
in B5pX ` Y q. As a consequence, pb1xqpb
1
2
yq is zero in B5X `B5Y . Hence, either
pq “ 0 is an identity in V , or 0 P tb1x, b
1
2yu in one of the free algebras B `X
or B ` Y . Therefore each algebra in V has a zero product, which makes V an
abelian category. 
Theorem 3.2. Let K be an infinite field of characteristic different from 2. Let V
be a variety of commutative K-algebras. If V is a (LACC) category, then it is an
abelian category.
Proof. By Theorem 2.8 we know that V has to satisfy an identity of the form
zpxyq “ λpzxqy ` λ1pzyqx.
Therefore
λpbxqy ` λ1pbyqx “ bpxyq “ bpyxq “ λpbyqx` λ1pbxqy,
so in B5X `B5Y we have
λpb1xqy ` λ
1pb2yqx “ λpb2yqx` λ
1pb1xqy.
Hence λpb1xqy ´ λ
1pb1xqy “ 0 by Theorem 2.4, and λ “ λ
1. By the computation
pbxqy “ λbpxyq ` λpbyqx “ λ2pbxqy ` λ2pbyqx` λpbyqx,
we know that
pλ2 ´ 1qpb1xqy ` pλ
2 ` λqpb2yqx “ 0
holds in B5X `B5Y , so λ must be ´1. Then V is a variety of mock–Lie algebras.
Since it is a (LACC) category, by Theorem 3.1 it is an abelian category. 
Corollary 3.3. If K is an infinite field of characteristic different from 2. Let V
be a variety of K-algebras satisfying a non-trivial identity of degree 2. If V is a
(LACC) category, then it is a subvariety of LieK.
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Proof. There are essentially only two types of non-trivial degree 2 identities. In
characteristic different from 2, the equation xx “ 0 is equivalent to xy ` yx “ 0,
so without loss of generality we can assume that the variety V under consideration
satisfies an identity of the form xy ` λyx “ 0, with λ P K. In this case,
0 “ xy ` λyx “ xy ` λp´λxyq “ xy ´ λ2xy “ p1 ´ λ2qxy,
so unless λ equals to 1 or ´1, each algebra in V has a zero product, which makes
V an abelian category. By the previous theorem, the same happens when λ “ ´1.
The remaining case (λ “ 1) is covered by Theorem 2.8, which establishes that V
must be a subvariety of LieK. 
Infinite fields of characteristic 2 need special care, because of the difference
between the identities xx “ 0 and xy ` yx “ 0: the first implies the second,
but not the other way round. Recall that LieK denotes the variety of K-algebras
satisfying the Jacobi identity and xx “ 0, and qLie
K
the variety of K-algebras sat-
isfying the Jacobi identity and xy “ ´yx (which here is equivalent to xy “ yx).
Note that LieK is a subvariety of qLieK which is always strictly smaller.
Theorem 3.4. For any field K of characteristic 2, the variety qLie
K
is a (LACC)
category.
Proof. The proof of Theorem 2.2 in [21] can be repeated word for word, with
the exception of the passage which shows that pffqnpwq “ 0. Rather, a similar
argument may be given that proves pfgqnpwq ` pgfqnpwq “ 0. 
Corollary 3.5. Let K be an infinite field of characteristic 2. Let V be a variety of
K-algebras satisfying a non-trivial identity of degree 2. If V is a (LACC) category,
then it is a subvariety of qLie
K
.
Proof. This is a straightforward variation on the proof of Corollary 3.3. 
4. The general case
We now extend the above to the case when the variety does not satisfy any
degree 2 identities (besides, of course, the multiples of the trivial identity xy “ xy).
We first treat the case of fields of characteristic zero.
Theorem 4.1. Let K be a field of characteristic zero. If a variety of non-associative
K-algebras does not satisfy any non-trivial identities of degree 2, then it cannot form
a (LACC) category.
Proof. Assume that V is a variety of non-associative algebras with all of its non-
trivial identities of degree 3 or higher. If V is (LACC), then by Theorem 2.8 we
know that there exist λ1, . . . , λ8, µ1, . . . , µ8 in K such that
zpxyq “ λ1pzxqy ` λ2pxzqy ` λ3ypzxq ` λ4ypxzq
` λ5pzyqx` λ6pyzqx` λ7xpzyq ` λ8xpyzq
and
pxyqz “ µ1pzxqy ` µ2pxzqy ` µ3ypzxq ` µ4ypxzq
` µ5pzyqx` µ6pyzqx` µ7xpzyq ` µ8xpyzq
are identities in V . As we shall see, the isomorphism
pB5ιX B5ιY q : B5X `B5Y Ñ B5pX ` Y q
will force the coefficients λi and µi to satisfy a certain system of polynomial equa-
tions. The strategy of our proof is to use the hypothesis that there are no non-trivial
identities of degree 2 in V in order to find enough equations for the set of solutions
of this system to be empty. This then means that (LACC) cannot hold in V .
8 XABIER GARCÍA-MARTÍNEZ AND TIM VAN DER LINDEN
First we compute
pbxqy “ µ1pybqx` µ2xpybq ` µ3xpybq ` µ4xpbyq
` µ5pyxqb` µ6pxyqb ` µ7bpyxq ` µ8bpxyq.
Further decomposing the last four monomials, we obtain an identity
0 “ f1pbxqy ` f2pxbqy ` f3ypbxq ` f4ypxbq
` f5pbyqx` f6pybqx` f7xpbyq ` f8xpybq
in V , where the coefficients fi are taken in the ring of (commutative) polynomials
R “ Krλ1, . . . , λ8, µ1, . . . , µ8s.
An explicit description of these coefficients is given in Appendix A.
In B5X `B5Y , the polynomial
f1pb1xqy ` f2pxb1qy ` f3ypb1xq ` f4ypxb1q
` f5pb2yqx` f6pyb2qx` f7xpb2yq ` f8xpyb2q
is zero, because the comparison map pB5ιX B5ιY q : B5X `B5Y Ñ B5pX ` Y q is
an isomorphism. Since V does not satisfy any equation of degree 2, and since
in B5X `B5Y all the monomials of the given polynomial have a degree of at
most two—for instance, pb1xqy is a word formed by two letters: b1x and y—these
monomials are linearly independent. Therefore, all of the fi must be zero.
We may proceed in the same way, decomposing the monomials pxbqy, ypbxq
and ypxbq, thus obtaining additional polynomials f9, . . . , f32 in R that need to
vanish. (Again, see Appendix A.) These thirty-two equations pfi “ 0q1ďiď32 might
already seem a rather large system of polynomial equations, but unfortunately
its set of solutions is not empty, so it does not give us the desired contradiction.
Hence, to complete our proof, we need to enlarge the system by finding additional
equations.
Let us now consider the monomial pbb1qpxyq. On one hand, it is equal to
λ1
`
pbb1qx
˘
y ` λ2
`
xpbb1q
˘
y ` λ3y
`
pbb1qx
˘
` λ4y
`
xpbb1q
˘
` λ5
`
pbb1qy
˘
x` λ6
`
ypbb1q
˘
x` λ7x
`
pbb1qy
˘
` λ8x
`
ypbb1q
˘
.
We can decompose each of the inner brackets to see that
pbb1qpxyq “ ϕ1pb, b
1, xqy ` yϕ2pb, b
1, xq ` ϕ3pb, b
1, yqx` xϕ4pb, b
1, yq,
where
ϕipb, b
1, zq “ gi,1pbzqb
1 ` gi,2pzbqb
1 ` gi,3b
1pbzq ` gi,4b
1pzbq
` gi,5pb
1zqb` gi,6pzb
1qb ` gi,7bpb
1zq ` gi,8bpzb
1q
for some gi,j P R.
On the other hand, pbb1qpxyq is equal to
µ1
`
pxyqb
˘
b1 ` µ2
`
bpxyq
˘
b1 ` µ3b
1
`
pxyqb
˘
` µ4b
1
`
bpxyq
˘
` µ5
`
pxyqb1
˘
b` µ6
`
b1pxyq
˘
b` µ7b
`
pxyqb1
˘
` µ8b
`
b1pxyq
˘
.
Expanding first the inner bracket, and then the outer one, we obtain
ψ1pb, b
1, xqy ` yψ2pb, b
1, xq ` ψ3pb, b
1, yqx` xψ4pb, b
1, yq
` ψ5ppb, xq, pb
1, yqq ` ψ6ppb, yq, pb
1, xqq
where
ψipb, b
1, zq “ hi,1pbzqb
1 ` hi,2pzbqb
1 ` hi,3b
1pbzq ` hi,4b
1pzbq
` hi,5pb
1zqb` hi,6pzb
1qb ` hi,7bpb
1zq ` hi,8bpzb
1q
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for some hi,j P R, while
ψ5ppb, xq, pb
1, yqq “ f33pb
1yqpbxq ` f34pyb
1qpbxq ` f35pbxqpb
1yq
` f36pbxqpyb
1q ` f37pb
1yqpxbq
` f38pyb
1qpxbq ` f39pxbqpb
1yq
` f40pxbqpyb
1q
and
ψ6ppb, yq, pb
1, xqq “ f41pb
1xqpbyq ` f42pxb
1qpbyq ` f43pbyqpb
1xq
` f44pbyqpxb
1q ` f45pb
1xqpybq
` f46pxb
1qpybq ` f47pybqpb
1xq
` f48pybqpxb
1q,
for some f33, . . . , f48 P R.
Thus we have obtained the identity
0 “
`
ψ1pb, b
1, xq ´ ϕ1pb, b
1, xq
˘
y ` y
`
ψ2pb, b
1, xq ´ ϕ1pb, b
1, xq
˘
`
`
ψ3pb, b
1, yq ´ ϕ1pb, b
1, yq
˘
x` x
`
ψ4pb, b
1, yq ´ ϕ1pb, b
1, yq
˘
` ψ5ppb, xq, pb
1, yqq ` ψ6ppb, yq, pb
1, xqq
in B5pX ` Y q, which gives rise to the identity
0 “
`
ψ1pb1, b
1
1, xq ´ ϕ1pb1, b
1
1, xq
˘
y ` y
`
ψ2pb1, b
1
1, xq ´ ϕ1pb1, b
1
1, xq
˘
`
`
ψ3pb2, b
1
2, yq ´ ϕ1pb2, b
1
2, yq
˘
x` x
`
ψ4pb2, b
1
2, yq ´ ϕ1pb2, b
1
2, yq
˘
` ψ5ppb1, xq, pb
1
2
, yqq ` ψ6ppb2, yq, pb
1
1
, xqq
in B5X `B5Y . Theorem 2.4 decomposes it into four separate identities.
First of all, the polynomials ψ5ppb1, xq, pb
1
2
, yqq and ψ6ppb2, yq, pb
1
1
, xqq must van-
ish. Since there are no non-trivial identities of degree 2 in V , their monomials are
linearly independent, so f33, . . . , f48 are all zero.
Next,
`
ψ1pb1, b
1
1, xq ´ ϕ1pb1, b
1
1, xq
˘
y ` y
`
ψ2pb1, b
1
1, xq ´ ϕ1pb1, b
1
1, xq
˘
has to be
zero in B5X ` B5Y . Again, since there are no non-trivial identities of degree 2
in V , both
`
ψ1pb1, b
1
1
, xq´ϕ1pb1, b
1
1
, xq
˘
y and y
`
ψ2pb1, b
1
1
, xq´ϕ1pb1, b
1
1
, xq
˘
have to
vanish. The first one may be written as
0 “
`
f49pxb1qb
1
1 ` f50pb1xqb
1
1 ` f51b
1
1pb1xq ` f52b
1
1pb1xq
` f53pxb
1
1qb1 ` f54pb
1
1xqb1 ` f55b1pxb
1
1q ` f56b1pb
1
1xq
˘
y,
where f49, . . . , f56 belong to R. In order for this to hold, we need that
0 “ f49pxbqb
1 ` f50pbxqb
1 ` f51b
1pbxq ` f52b
1pbxq
` f53pxb
1qb ` f54pb
1xqb ` f55bpxb
1q ` f56bpb
1xq
is an identity of V . So in B5pX ` Y q we have
0 “ f49pbxqy ` f50pxbqy ` f51ypxbq ` f52ypxbq
` f53pbyqx` f54pybqx` f55xpbyq ` f56xpybq.
Using (LACC) we see that
0 “ f49pb1xqy ` f50pxb1qy ` f51ypxb1q ` f52ypxb1q
` f53pb2yqx` f54pyb2qx` f55xpb2yq ` f56xpyb2q
in B5X ` B5Y . Since the monomials in this expression are linearly independent,
all of the polynomials f49, . . . , f56 in R need to vanish.
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Essentially the same type of reasoning applies to y
`
ψ2pb, b
1, xq ´ ϕ1pb, b
1, xq
˘
,`
ψ3pb, b
1, yq´ϕ1pb, b
1, yq
˘
x and x
`
ψ4pb, b
1, yq´ϕ1pb, b
1, yq
˘
, yielding twenty-four ad-
ditional polynomials f57, . . . , f80 P R that have to be zero—see Appendix A. This
ends our analysis of the identities coming from decomposing pbb1qpxyq, which al-
lowed us to find forty-eight polynomials in R that need to vanish. A similar study
can be done, decomposing pxyqpbb1q in the same way, and we can obtain forty-eight
additional polynomials f81, . . . f128 P R.
Let I be the ideal of R “ Krλ1, . . . , λ8, µ1, . . . , µ8s generated by f1, . . . , f128.
A common root for all these polynomials will be a root for any polynomial of I.
When we compute a Gröbner basis of I with the computer algebra system Singu-
lar [15], the system tells us that 1 P I. More precisely, it says that we can obtain 1
as a linear combination in Qrλ1, . . . , λ8, µ1, . . . , µ8s of the polynomials f1, . . . , f128.
As a consequence, I “ Krλ1, . . . , λ8, µ1, . . . , µ8s for any field K of characteristic
zero, hence the set of common roots of f1, . . . , f128 is empty. This completes the
proof. 
Remark 4.2. Here is the code we used to make the computer algebra package
Singular [15] show that the system of equations pfi “ 0q1ďiď128 has no solutions.
1 ring r=0,(x(1..8),y(1..8)),dp;
2 poly f(1) = y(5)*y(5) + y(6)*y(1) + y(7)*x(5) + y(8)*x(1) - 1;
3 poly f(2) = y(5)*y(6) + y(6)*y(2) + y(7)*x(6) + y(8)*x(2);
4 ...
5 poly f(128) = - y(7)*y(8) - y(8)*x(8) + x(5)*y(5)*y(3)
6 + x(6)*x(5)*y(3) + x(7)*y(5)*x(3) + x(8)*x(5)*x(3) + x(5)*y(7)*y(7)
7 + x(6)*x(7)*y(7) + x(7)*y(7)*x(7) + x(8)*x(7)*x(7);
8 ideal i=f(1..128);
9 ideal si=std(i);
10 si;
The parameter dp in line 1 means that degree reverse lexicographical ordering of
polynomials is chosen. The arXiv version of this paper includes an ancillary file
containing the whole code we used, as well as an explicit way to write 1 as a linear
combination of the pfiqi in Qrλ1, . . . , λ8, µ1, . . . , µ8s.
Remark 4.3. We want to highlight the importance of choosing the “right” monomial
order when performing this calculation. While calculating the Gröbner basis and ex-
plicit linear combination for the ideal generated by the polynomials of Appendix A
with the degree reverse lexicographical order takes around 45 minutes on a recent
laptop, the supercomputer Finisterrae II located in the facilities of the Centro de
Supercomputación de Galicia (CESGA) [10] took 89 hours to perform the same
task with respect to the degree lexicographical order. When the lexicographical
order was chosen, it could not even calculate the Gröbner basis after 96 hours of
computation.
Corollary 4.4. Let K be a field of characteristic zero. A variety of non-associative
K-algebras is a variety of Lie algebras as soon as it forms a (LACC) category.
Proof. Corollary 3.3 and Theorem 4.1 cover all the possibilities. 
5. Fields of prime characteristic
We now extend the reasoning of Theorem 4.1 to algebras over a field of prime
characteristic. First of all, note that for Theorem 2.4 to work, we need to restrict
ourselves to infinite fields. Next, we need to be careful with the rational coefficients
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that appear in the Gröbner basis of the ideal I in the proof of Theorem 4.1. In-
deed, the characteristic of the field could divide one of the denominators in those
coefficients.
Theorem 5.1. Let K be an infinite field of prime characteristic. If a variety of
non-associative K-algebras does not satisfy any non-trivial identities of degree 2,
then it cannot be a (LACC) category.
Proof. In the proof of Theorem 4.1, instead of writing 1 as a linear combination
of the pfiq1ďiď128 in Qrλ1, . . . , λ8, µ1, . . . , µ8s, we may find some m P N as a linear
combination of the pfiqi in Zrλ1, . . . , λ8, µ1, . . . , µ8s. In order to prove the theorem
for all prime characteristics, we just have to check that the system of equations
pfi “ 0q1ďiď128
is still inconsistent for all infinite fields whose characteristic divides the natural
number m.
Checking the result for all prime divisors of m is not realistic, because those
characteristics are too large for the computer algebra package we used. One way to
proceed here is to choose a different monomial order when calculating a Gröbner
basis. This gives us a way to write 1 as a different linear combination of the
pfiq1ďiď128, and thus obtain a new natural numberm
1. The problem is now reduced
to a practical size by checking the result for the common prime roots of m and m1.
Concretely, the number m which arises in the proof of Theorem 4.1 from the
code in Remark 4.2 is m “ 870236637161114109867178457405998688683552477305
6180191922975621327712489528654597642065042289512, which factors into primes
as
m “ 23 ˆ 32 ˆ 7ˆ 1049ˆ 14479ˆ 12133021861ˆ 16113739806343
ˆ 6887165068164869ˆ 18481555969123738547989
ˆ 45682348205218520398213951.
A different monomial order may be chosen in line 1 of the code in Remark 4.2: for
instance, swapping µ7 and µ8 is expressed as
1 ring r=0,(x(1..8),y(1..6),y(8),y(7)),dp;
and leads to the number m1 “ 259428036880596829755696425536436202871595677
3862814343963891594296990709562550944826763410, which factors into primes as
m1 “ 2ˆ 3ˆ 5ˆ 7ˆ 13ˆ 67ˆ 8878743659183ˆ 980432662345198665679
ˆ 1629334190706617301312819947580437423912985358007543.
Clearly, only 2, 3 and 7 remain as prime characteristics to be checked by hand,
which can easily be done in Singular by using
1 ring r=2,(x(1..8),y(1..8)),dp;
and its variations in line 1 of the code in Remark 4.2. 
Corollary 5.2. Let K an infinite field of prime characteristic. Any variety of
non-associative K-algebras which is a (LACC) category is a variety of quasi-Lie
algebras. 
6. Subvarieties of qLie
K
We continue working towards the main result of this article, now showing that
the only varieties of quasi-Lie algebras over an infinite field which form non-abelian
(LACC) categories are LieK and qLieK.
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Proposition 6.1. Let K be an infinite field. Let V be a subvariety of either LieK
or qLieK determined by a collection of equations of degree 3 or higher. If V is a
(LACC) category, then it is an abelian category.
Proof. Let V be a variety of non-associative K-algebras which forms a non-abelian
(LACC) category. Then Corollary 4.4 and Corollary 5.2 together tell us that V is a
subvariety of qLie
K
. Using induction on the degree, we shall prove that V does not
admit any non-trivial identities, besides those obtained from the Jacobi identity
and either xx “ 0 or xy “ ´yx. The results of Section 3 already show that there
are no additional homogeneous identities of degree 2.
Let us now suppose that V satisfies a homogeneous identity of degree 3. By
Theorem 2.3 this identity may be written in the form
bpxyq “ λpbxqy ` µxpbyq.
However, by the Jacobi identity we then have that
0 “ pλ´ 1qpbxqy ` pµ´ 1qxpbyq.
Letting B, X and Y be free algebras as above, it is clear from Theorem 2.4 that
λ “ µ “ 1. We conclude that each algebra in V has a zero product—a contradiction
with the assumption that V is a non-abelian category. Hence there are no additional
homogeneous identities of degree 3.
Let us next suppose that V satisfies a homogeneous identity of degree n ` 1,
where n ě 3, while all homogeneous identities of degree at most n are induced
by the Jacobi identity and either xx “ 0 or xy “ ´yx. By Theorem 2.3 we may
assume that this identity is multilinear. We write it as
0 “ ψpb, x1, . . . , xnq,
so that the polynomial on the right may be considered as an element of
B `X1 ` ¨ ¨ ¨ `Xn
where B is as above (the generator b written as bi when several copies of B are
considered) and Xi is the free algebra on a single generator xi. Since V is a variety
of quasi-Lie algebras, we may use anticommutativity and the Jacobi identity to
rewrite the identity 0 “ ψpb, x1, . . . , xnq in the shape
0 “
nÿ
i“1
λiϕipx1, . . . , bxi, . . . , xnq
where ϕipx1, . . . , bixi, . . . , xnq is in B5X1 ` ¨ ¨ ¨ ` B5Xn. By the assumption that
the category V is (LACC), the canonical comparison
B5X1 ` ¨ ¨ ¨ `B5Xn Ñ B5pX1 ` ¨ ¨ ¨ `Xnq
is an isomorphism. As a consequence, we have that
0 “
nÿ
i“1
λiϕipx1, . . . , bixi, . . . , xnq
in B5X1 ` ¨ ¨ ¨ `B5Xn. Theorem 2.4 then implies that ϕipx1, . . . , bixi, . . . , xnq “ 0
for each i P t1, . . . , nu. These, however, are equations in B5X1` ¨ ¨ ¨`B5Xn, hence
in B `X1 ` ¨ ¨ ¨ `B `Xn, of a degree at most n, so that they must be induced by
the Jacobi identity and either xx “ 0 or xy “ ´yx. 
Remark 6.2. Although Theorem 2.3 is only stated for LieK, it easy to verify that
it also holds for qLie
K
when charpKq “ 2. The free algebra in qLie
K
is equal to the
free algebra in LieK with the extra linearly independent components formed by the
repetition of elements xx, but they do not play any role since
ypxxq “ pyxqx` xpyxq “ pyxqx ` pyxqx “ 0.
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Theorem 6.3. Let K be an infinite field. The only varieties of non-associative
K-algebras that form non-abelian (LACC) categories are
(1) the variety LieK, when charpKq ‰ 2;
(2) the varieties LieK and qLieK, when charpKq “ 2.
Proof. This is a combination of Proposition 6.1 with Corollary 4.4, Corollary 5.2
and Theorem 3.4. 
7. About n-ary operations
Given any natural number n, an n-algebra A over K is a K-vector space
equipped with an n-linear operation An Ñ A, so a linear map Abn Ñ A. We write
n-Alg
K
for the category of n-algebras over K, with linear maps between them that
preserve the operation. A variety of n-algebras is any equationally defined class
of such, considered as a full subcategory V of n-Alg
K
.
We now study what happens when instead of considering a variety of non-
associative algebras (= 2-algebras) we take a variety of n-algebras for arbitrary n.
When n “ 0 or n “ 1, this is not very interesting:
Proposition 7.1. A variety of 0-algebras is always a (LACC) category, but never
an abelian or even a semi-abelian category.
Proof. If n “ 0, then n-Alg
K
– pK Ó VectKq because A
b0 “ K: objects are linear
maps K Ñ A, morphisms are commutative triangles between those. By Lemma 2.3
in [4], this coslice category of VectK is still (LACC), even though it is no longer a
(semi-)abelian category, since it is not pointed. 
Proposition 7.2. Any variety of 1-algebras is an abelian category.
Proof. If n “ 1, then an object in n-Alg
K
is a vector space A equipped with an
endomorphism tA : AÑ A, and a morphism f : pA, tAq Ñ pB, tBq is a linear map
f : A Ñ B such that f˝tA “ tB˝f . Hence n-AlgK – FunpN,VectKq, the category of
functors from the monoid of natural numbers (considered as a one-object category)
to VectK. Here a functor T : N Ñ VectK sends the unique object ˚ of N to a vector
space A “ T p˚q, sends 0 to 1A, 1 to an endomorphism tA : AÑ A, and m ě 2 to
tmA : AÑ A. As a consequence, n-AlgK is an abelian category, being a category of
presheaves over VectK. The claim now follows, since any subvariety of a variety of
algebras which is an abelian category is again an abelian category. 
When n ě 3, the main obstruction we encounter is the apparent absence in the
literature of an analogue of Theorem 2.4 for n-ary operations. Without entering
in too much detail, the idea of the proof for n “ 2 is that if we have an identity
f “ f0 ` ¨ ¨ ¨ ` fk with fj being the sum of the monomials where x1 has degree j,
then both λjfpx1, . . . , xrq “ 0 and fpλx1, . . . , xrq “ 0 are identities, so, if we do
not run out of variables λ to choose from—which cannot happen when K is infinite,
then K-linearity will imply the result. Therefore, extending Theorem 2.4 to n-ary
operations is a straightforward exercise. This gives us:
Theorem 7.3. Let K be an infinite field and let V be a variety of n-algebras where
n ě 3. Then the comparison map
B5X1 ` ¨ ¨ ¨ `B5Xn´1 Ñ B5pX1 ` ¨ ¨ ¨ `Xn´1q
is surjective only when V is an abelian category.
Proof. We write the given n-linear operation as a bracket r´, . . . ,´s. By the n-ary
version of Theorem 2.4, there is no expression in B5X1 ` ¨ ¨ ¨ ` B5Xn´1 that can
be mapped to the element rb, x1, . . . , xn´1s P B5pX1 ` ¨ ¨ ¨ ` Xn´1q—unless it is
zero. 
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A variety of algebras which forms a semi-abelian category [23] is an algebra-
ically coherent category in the sense of [11] when for all algebras B, X , Y the
comparison morphism
B5X `B5Y Ñ B5pX ` Y q
is a surjective algebra morphism. This means that we may interpret the above
result as follows.
Corollary 7.4. If V is a variety of n-algebras where n ě 3, then V can only be
an algebraically coherent category if it is an abelian category. 
Theorem 6.3, Proposition 7.1, Proposition 7.2 and Theorem 7.3 together now
allow us to prove our main theorem.
Theorem 7.5. Let K be an infinite field. Let V be a variety of n-algebras over K
which is a non-abelian locally algebraically cartesian closed category. Then n “ 2
and
(1) if charpKq ‰ 2, then V “ LieK “ qLieK;
(2) if charpKq “ 2, then V “ LieK or V “ qLieK. 
8. Final remarks
8.1. Related work. Similar applications of computational commutative algebra
to algebraic operads appear in [7, 6, 9, 8].
8.2. A different proof technique? Theorem 4.1 makes us wonder whether a less
computationally involved method may be found for its proof. We did not manage
to reduce the system of equations in Appendix A to a smaller one, but perhaps
a totally different argument can be discovered. This may also help extending the
result to finite fields—if such an extension is possible at all.
8.3. The case of sets. Besides the variety of Lie algebras, the only varieties of
algebras currently known to be locally algebraically cartesian closed categories are
varieties of groups. This raises the question whether perhaps the result of this pa-
per has a cartesian version. This would first of all mean characterising the varieties
of pointed magmas—whose objects are sets with a given base-point and a binary
operation that preserves it—which are (LACC) categories. An answer to this ques-
tion would either distinguish groups amongst pointed magmas via a categorical
condition, or provide new examples of (LACC) categories.
8.4. Several operations. The problem investigated in this article becomes very
different when instead of a single bilinear operation, several bilinear or n-linear al-
gebraic or coalgebraic operations on a given object are considered. We do not know
under which conditions adding operations to a variety gives a way of constructing
new (LACC) categories.
8.5. Algebraically exponentiable objects and morphisms. We studied al-
gebraic exponentiation from a global perspective, by answering the question in
which kind of varieties of n-algebras all endofunctors B5p´q are left adjoints. As
explained in the introduction, the left adjointness of B5p´q can also be seen as a
property of a single given object B, in which case it is said to be algebraically
exponentiable. More generally, algebraically exponentiable morphisms may be
considered [22, 4]. Characterising those objects and morphisms may turn out to be
an interesting challenge.
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Appendix A. The coefficients fi used in the proof of Theorem 4.1
f1 “ µ5µ5 ` µ6µ1 ` µ7λ5 ` µ8λ1 ´ 1 f17 “ λ5µ5 ` λ6µ1 ` λ7λ5 ` λ8λ1
f2 “ µ5µ6 ` µ6µ2 ` µ7λ6 ` µ8λ2 f18 “ λ5µ6 ` λ6µ2 ` λ7λ6 ` λ8λ2
f3 “ µ5µ7 ` µ6µ3 ` µ7λ7 ` µ8λ3 f19 “ λ5µ7 ` λ6µ3 ` λ7λ7 ` λ8λ3 ´ 1
f4 “ µ5µ8 ` µ6µ4 ` µ7λ8 ` µ8λ4 f20 “ λ5µ8 ` λ6µ4 ` λ7λ8 ` λ8λ4
f5 “ µ5µ1 ` µ6µ5 ` µ7λ1 ` µ8λ5 ` µ2 f21 “ λ5µ1 ` λ6µ5 ` λ7λ1 ` λ8λ5 ` λ2
f6 “ µ5µ2 ` µ6µ6 ` µ7λ2 ` µ8λ6 ` µ1 f22 “ λ5µ2 ` λ6µ6 ` λ7λ2 ` λ8λ6 ` λ1
f7 “ µ5µ3 ` µ6µ7 ` µ7λ3 ` µ8λ7 ` µ4 f23 “ λ5µ3 ` λ6µ7 ` λ7λ3 ` λ8λ7 ` λ4
f8 “ µ5µ4 ` µ6µ8 ` µ7λ4 ` µ8λ8 ` µ3 f24 “ λ5µ4 ` λ6µ8 ` λ7λ4 ` λ8λ8 ` λ3
f9 “ µ1µ5 ` µ2µ1 ` µ3λ5 ` µ4λ1 f25 “ λ1µ5 ` λ2µ1 ` λ3λ5 ` λ4λ1
f10 “ µ1µ6 ` µ2µ2 ` µ3λ6 ` µ4λ2 ´ 1 f26 “ λ1µ6 ` λ2µ2 ` λ3λ6 ` λ4λ2
f11 “ µ1µ7 ` µ2µ3 ` µ3λ7 ` µ4λ3 f27 “ λ1µ7 ` λ2µ3 ` λ3λ7 ` λ4λ3
f12 “ µ1µ8 ` µ2µ4 ` µ3λ8 ` µ4λ4 f28 “ λ1µ8 ` λ2µ4 ` λ3λ8 ` λ4λ4 ´ 1
f13 “ µ1µ1 ` µ2µ5 ` µ3λ1 ` µ4λ5 ` µ6 f29 “ λ1µ1 ` λ2µ5 ` λ3λ1 ` λ4λ5 ` λ6
f14 “ µ1µ2 ` µ2µ6 ` µ3λ2 ` µ4λ6 ` µ5 f30 “ λ1µ2 ` λ2µ6 ` λ3λ2 ` λ4λ6 ` λ5
f15 “ µ1µ3 ` µ2µ7 ` µ3λ3 ` µ4λ7 ` µ8 f31 “ λ1µ3 ` λ2µ7 ` λ3λ3 ` λ4λ7 ` λ8
f16 “ µ1µ4 ` µ2µ8 ` µ3λ4 ` µ4λ8 ` µ7 f32 “ λ1µ4 ` λ2µ8 ` λ3λ4 ` λ4λ8 ` λ7
f33 “ µ1µ1µ5 ` µ2λ1µ5 ` µ3µ1λ5 ` µ4λ1λ5 ` µ1µ3µ1 ` µ2λ3µ1 ` µ3µ3λ1 ` µ4λ3λ1
` µ5µ5µ7 ` µ6λ5µ7 ` µ7µ5λ7 ` µ8λ5λ7 ` µ5µ7µ3 ` µ6λ7µ3 ` µ7µ7λ3 ` µ8λ7λ3
f34 “ µ1µ1µ6 ` µ2λ1µ6 ` µ3µ1λ6 ` µ4λ1λ6 ` µ1µ3µ2 ` µ2λ3µ2 ` µ3µ3λ2 ` µ4λ3λ2
` µ5µ6µ7 ` µ6λ6µ7 ` µ7µ6λ7 ` µ8λ6λ7 ` µ5µ8µ3 ` µ6λ8µ3 ` µ7µ8λ3 ` µ8λ8λ3
f35 “ µ1µ1µ7 ` µ2λ1µ7 ` µ3µ1λ7 ` µ4λ1λ7 ` µ1µ3µ3 ` µ2λ3µ3 ` µ3µ3λ3 ` µ4λ3λ3
` µ5µ5µ5 ` µ6λ5µ5 ` µ7µ5λ5 ` µ8λ5λ5 ` µ5µ7µ1 ` µ6λ7µ1 ` µ7µ7λ1 ` µ8λ7λ1
f36 “ µ1µ1µ8 ` µ2λ1µ8 ` µ3µ1λ8 ` µ4λ1λ8 ` µ1µ3µ4 ` µ2λ3µ4 ` µ3µ3λ4 ` µ4λ3λ4
` µ5µ6µ5 ` µ6λ6µ5 ` µ7µ6λ5 ` µ8λ6λ5 ` µ5µ8µ1 ` µ6λ8µ1 ` µ7µ8λ1 ` µ8λ8λ1
f37 “ µ1µ2µ5 ` µ2λ2µ5 ` µ3µ2λ5 ` µ4λ2λ5 ` µ1µ4µ1 ` µ2λ4µ1 ` µ3µ4λ1 ` µ4λ4λ1
` µ5µ5µ8 ` µ6λ5µ8 ` µ7µ5λ8 ` µ8λ5λ8 ` µ5µ7µ4 ` µ6λ7µ4 ` µ7µ7λ4 ` µ8λ7λ4
f38 “ µ1µ2µ6 ` µ2λ2µ6 ` µ3µ2λ6 ` µ4λ2λ6 ` µ1µ4µ2 ` µ2λ4µ2 ` µ3µ4λ2 ` µ4λ4λ2
` µ5µ6µ8 ` µ6λ6µ8 ` µ7µ6λ8 ` µ8λ6λ8 ` µ5µ8µ4 ` µ6λ8µ4 ` µ7µ8λ4 ` µ8λ8λ4
f39 “ µ1µ2µ7 ` µ2λ2µ7 ` µ3µ2λ7 ` µ4λ2λ7 ` µ1µ4µ3 ` µ2λ4µ3 ` µ3µ4λ3 ` µ4λ4λ3
` µ5µ5µ6 ` µ6λ5µ6 ` µ7µ5λ6 ` µ8λ5λ6 ` µ5µ7µ2 ` µ6λ7µ2 ` µ7µ7λ2 ` µ8λ7λ2
f40 “ µ1µ2µ8 ` µ2λ2µ8 ` µ3µ2λ8 ` µ4λ2λ8 ` µ1µ4µ4 ` µ2λ4µ4 ` µ3µ4λ4 ` µ4λ4λ4
` µ5µ6µ6 ` µ6λ6µ6 ` µ7µ6λ6 ` µ8λ6λ6 ` µ5µ8µ2 ` µ6λ8µ2 ` µ7µ8λ2 ` µ8λ8λ2
f41 “ µ1µ5µ5 ` µ2λ5µ5 ` µ3µ5λ5 ` µ4λ5λ5 ` µ1µ7µ1 ` µ2λ7µ1 ` µ3µ7λ1 ` µ4λ7λ1
` µ5µ1µ7 ` µ6λ1µ7 ` µ7µ1λ7 ` µ8λ1λ7 ` µ5µ3µ3 ` µ6λ3µ3 ` µ7µ3λ3 ` µ8λ3λ3
f42 “ µ1µ5µ6 ` µ2λ5µ6 ` µ3µ5λ6 ` µ4λ5λ6 ` µ1µ7µ2 ` µ2λ7µ2 ` µ3µ7λ2 ` µ4λ7λ2
` µ5µ2µ7 ` µ6λ2µ7 ` µ7µ2λ7 ` µ8λ2λ7 ` µ5µ4µ3 ` µ6λ4µ3 ` µ7µ4λ3 ` µ8λ4λ3
f43 “ µ1µ5µ7 ` µ2λ5µ7 ` µ3µ5λ7 ` µ4λ5λ7 ` µ1µ7µ3 ` µ2λ7µ3 ` µ3µ7λ3 ` µ4λ7λ3
` µ5µ1µ5 ` µ6λ1µ5 ` µ7µ1λ5 ` µ8λ1λ5 ` µ5µ3µ1 ` µ6λ3µ1 ` µ7µ3λ1 ` µ8λ3λ1
f44 “ µ1µ5µ8 ` µ2λ5µ8 ` µ3µ5λ8 ` µ4λ5λ8 ` µ1µ7µ4 ` µ2λ7µ4 ` µ3µ7λ4 ` µ4λ7λ4
` µ5µ2µ5 ` µ6λ2µ5 ` µ7µ2λ5 ` µ8λ2λ5 ` µ5µ4µ1 ` µ6λ4µ1 ` µ7µ4λ1 ` µ8λ4λ1
f45 “ µ1µ6µ5 ` µ2λ6µ5 ` µ3µ6λ5 ` µ4λ6λ5 ` µ1µ8µ1 ` µ2λ8µ1 ` µ3µ8λ1 ` µ4λ8λ1
` µ5µ1µ8 ` µ6λ1µ8 ` µ7µ1λ8 ` µ8λ1λ8 ` µ5µ3µ4 ` µ6λ3µ4 ` µ7µ3λ4 ` µ8λ3λ4
f46 “ µ1µ6µ6 ` µ2λ6µ6 ` µ3µ6λ6 ` µ4λ6λ6 ` µ1µ8µ2 ` µ2λ8µ2 ` µ3µ8λ2 ` µ4λ8λ2
` µ5µ2µ8 ` µ6λ2µ8 ` µ7µ2λ8 ` µ8λ2λ8 ` µ5µ4µ4 ` µ6λ4µ4 ` µ7µ4λ4 ` µ8λ4λ4
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f47 “ µ1µ6µ7 ` µ2λ6µ7 ` µ3µ6λ7 ` µ4λ6λ7 ` µ1µ8µ3 ` µ2λ8µ3 ` µ3µ8λ3 ` µ4λ8λ3
` µ5µ1µ6 ` µ6λ1µ6 ` µ7µ1λ6 ` µ8λ1λ6 ` µ5µ3µ2 ` µ6λ3µ2 ` µ7µ3λ2 ` µ8λ3λ2
f48 “ µ1µ6µ8 ` µ2λ6µ8 ` µ3µ6λ8 ` µ4λ6λ8 ` µ1µ8µ4 ` µ2λ8µ4 ` µ3µ8λ4 ` µ4λ8λ4
` µ5µ2µ6 ` µ6λ2µ6 ` µ7µ2λ6 ` µ8λ2λ6 ` µ5µ4µ2 ` µ6λ4µ2 ` µ7µ4λ2 ` µ8λ4λ2
f49 “ ´λ1µ1 ´ λ2λ1 ` µ1µ2µ2 ` µ2λ2µ2 ` µ3µ2λ2 ` µ4λ2λ2 ` µ1µ4µ6 ` µ2λ4µ6 ` µ3µ4λ6 ` µ4λ4λ6
f50 “ ´λ1µ2 ´ λ2λ2 ` µ1µ1µ2 ` µ2λ1µ2 ` µ3µ1λ2 ` µ4λ1λ2 ` µ1µ3µ6 ` µ2λ3µ6 ` µ3µ3λ6 ` µ4λ3λ6
f51 “ ´λ1µ3 ´ λ2λ3 ` µ1µ2µ1 ` µ2λ2µ1 ` µ3µ2λ1 ` µ4λ2λ1 ` µ1µ4µ5 ` µ2λ4µ5 ` µ3µ4λ5 ` µ4λ4λ5
f52 “ ´λ1µ4 ´ λ2λ4 ` µ1µ1µ1 ` µ2λ1µ1 ` µ3µ1λ1 ` µ4λ1λ1 ` µ1µ3µ5 ` µ2λ3µ5 ` µ3µ3λ5 ` µ4λ3λ5
f53 “ ´λ1µ5 ´ λ2λ5 ` µ5µ2µ2 ` µ6λ2µ2 ` µ7µ2λ2 ` µ8λ2λ2 ` µ5µ4µ6 ` µ6λ4µ6 ` µ7µ4λ6 ` µ8λ4λ6
f54 “ ´λ1µ6 ´ λ2λ6 ` µ5µ1µ2 ` µ6λ1µ2 ` µ7µ1λ2 ` µ8λ1λ2 ` µ5µ3µ6 ` µ6λ3µ6 ` µ7µ3λ6 ` µ8λ3λ6
f55 “ ´λ1µ7 ´ λ2λ7 ` µ5µ2µ1 ` µ6λ2µ1 ` µ7µ2λ1 ` µ8λ2λ1 ` µ5µ4µ5 ` µ6λ4µ5 ` µ7µ4λ5 ` µ8λ4λ5
f56 “ ´λ1µ8 ´ λ2λ8 ` µ5µ1µ1 ` µ6λ1µ1 ` µ7µ1λ1 ` µ8λ1λ1 ` µ5µ3µ5 ` µ6λ3µ5 ` µ7µ3λ5 ` µ8λ3λ5
f57 “ ´λ3µ1 ´ λ4λ1 ` µ1µ2µ4 ` µ2λ2µ4 ` µ3µ2λ4 ` µ4λ2λ4 ` µ1µ4µ8 ` µ2λ4µ8 ` µ3µ4λ8 ` µ4λ4λ8
f58 “ ´λ3µ2 ´ λ4λ2 ` µ1µ1µ4 ` µ2λ1µ4 ` µ3µ1λ4 ` µ4λ1λ4 ` µ1µ3µ8 ` µ2λ3µ8 ` µ3µ3λ8 ` µ4λ3λ8
f59 “ ´λ3µ3 ´ λ4λ3 ` µ1µ2µ3 ` µ2λ2µ3 ` µ3µ2λ3 ` µ4λ2λ3 ` µ1µ4µ7 ` µ2λ4µ7 ` µ3µ4λ7 ` µ4λ4λ7
f60 “ ´λ3µ4 ´ λ4λ4 ` µ1µ1µ3 ` µ2λ1µ3 ` µ3µ1λ3 ` µ4λ1λ3 ` µ1µ3µ7 ` µ2λ3µ7 ` µ3µ3λ7 ` µ4λ3λ7
f61 “ ´λ3µ5 ´ λ4λ5 ` µ5µ2µ4 ` µ6λ2µ4 ` µ7µ2λ4 ` µ8λ2λ4 ` µ5µ4µ8 ` µ6λ4µ8 ` µ7µ4λ8 ` µ8λ4λ8
f62 “ ´λ3µ6 ´ λ4λ6 ` µ5µ1µ4 ` µ6λ1µ4 ` µ7µ1λ4 ` µ8λ1λ4 ` µ5µ3µ8 ` µ6λ3µ8 ` µ7µ3λ8 ` µ8λ3λ8
f63 “ ´λ3µ7 ´ λ4λ7 ` µ5µ2µ3 ` µ6λ2µ3 ` µ7µ2λ3 ` µ8λ2λ3 ` µ5µ4µ7 ` µ6λ4µ7 ` µ7µ4λ7 ` µ8λ4λ7
f64 “ ´λ3µ8 ´ λ4λ8 ` µ5µ1µ3 ` µ6λ1µ3 ` µ7µ1λ3 ` µ8λ1λ3 ` µ5µ3µ7 ` µ6λ3µ7 ` µ7µ3λ7 ` µ8λ3λ7
f65 “ ´λ5µ1 ´ λ6λ1 ` µ1µ6µ2 ` µ2λ6µ2 ` µ3µ6λ2 ` µ4λ6λ2 ` µ1µ8µ6 ` µ2λ8µ6 ` µ3µ8λ6 ` µ4λ8λ6
f66 “ ´λ5µ2 ´ λ6λ2 ` µ1µ5µ2 ` µ2λ5µ2 ` µ3µ5λ2 ` µ4λ5λ2 ` µ1µ7µ6 ` µ2λ7µ6 ` µ3µ7λ6 ` µ4λ7λ6
f67 “ ´λ5µ3 ´ λ6λ3 ` µ1µ6µ1 ` µ2λ6µ1 ` µ3µ6λ1 ` µ4λ6λ1 ` µ1µ8µ5 ` µ2λ8µ5 ` µ3µ8λ5 ` µ4λ8λ5
f68 “ ´λ5µ4 ´ λ6λ4 ` µ1µ5µ1 ` µ2λ5µ1 ` µ3µ5λ1 ` µ4λ5λ1 ` µ1µ7µ5 ` µ2λ7µ5 ` µ3µ7λ5 ` µ4λ7λ5
f69 “ ´λ5µ5 ´ λ6λ5 ` µ5µ6µ2 ` µ6λ6µ2 ` µ7µ6λ2 ` µ8λ6λ2 ` µ5µ8µ6 ` µ6λ8µ6 ` µ7µ8λ6 ` µ8λ8λ6
f70 “ ´λ5µ6 ´ λ6λ6 ` µ5µ5µ2 ` µ6λ5µ2 ` µ7µ5λ2 ` µ8λ5λ2 ` µ5µ7µ6 ` µ6λ7µ6 ` µ7µ7λ6 ` µ8λ7λ6
f71 “ ´λ5µ7 ´ λ6λ7 ` µ5µ6µ1 ` µ6λ6µ1 ` µ7µ6λ1 ` µ8λ6λ1 ` µ5µ8µ5 ` µ6λ8µ5 ` µ7µ8λ5 ` µ8λ8λ5
f72 “ ´λ5µ8 ´ λ6λ8 ` µ5µ5µ1 ` µ6λ5µ1 ` µ7µ5λ1 ` µ8λ5λ1 ` µ5µ7µ5 ` µ6λ7µ5 ` µ7µ7λ5 ` µ8λ7λ5
f73 “ ´λ7µ1 ´ λ8λ1 ` µ1µ6µ4 ` µ2λ6µ4 ` µ3µ6λ4 ` µ4λ6λ4 ` µ1µ8µ8 ` µ2λ8µ8 ` µ3µ8λ8 ` µ4λ8λ8
f74 “ ´λ7µ2 ´ λ8λ2 ` µ1µ5µ4 ` µ2λ5µ4 ` µ3µ5λ4 ` µ4λ5λ4 ` µ1µ7µ8 ` µ2λ7µ8 ` µ3µ7λ8 ` µ4λ7λ8
f75 “ ´λ7µ3 ´ λ8λ3 ` µ1µ6µ3 ` µ2λ6µ3 ` µ3µ6λ3 ` µ4λ6λ3 ` µ1µ8µ7 ` µ2λ8µ7 ` µ3µ8λ7 ` µ4λ8λ7
f76 “ ´λ7µ4 ´ λ8λ4 ` µ1µ5µ3 ` µ2λ5µ3 ` µ3µ5λ3 ` µ4λ5λ3 ` µ1µ7µ7 ` µ2λ7µ7 ` µ3µ7λ7 ` µ4λ7λ7
f77 “ ´λ7µ5 ´ λ8λ5 ` µ5µ6µ4 ` µ6λ6µ4 ` µ7µ6λ4 ` µ8λ6λ4 ` µ5µ8µ8 ` µ6λ8µ8 ` µ7µ8λ8 ` µ8λ8λ8
f78 “ ´λ7µ6 ´ λ8λ6 ` µ5µ5µ4 ` µ6λ5µ4 ` µ7µ5λ4 ` µ8λ5λ4 ` µ5µ7µ8 ` µ6λ7µ8 ` µ7µ7λ8 ` µ8λ7λ8
f79 “ ´λ7µ7 ´ λ8λ7 ` µ5µ6µ3 ` µ6λ6µ3 ` µ7µ6λ3 ` µ8λ6λ3 ` µ5µ8µ7 ` µ6λ8µ7 ` µ7µ8λ7 ` µ8λ8λ7
f80 “ ´λ7µ8 ´ λ8λ8 ` µ5µ5µ3 ` µ6λ5µ3 ` µ7µ5λ3 ` µ8λ5λ3 ` µ5µ7µ7 ` µ6λ7µ7 ` µ7µ7λ7 ` µ8λ7λ7
f81 “ λ1µ1µ5 ` λ2λ1µ5 ` λ3µ1λ5 ` λ4λ1λ5 ` λ1µ3µ1 ` λ2λ3µ1 ` λ3µ3λ1 ` λ4λ3λ1
` λ5µ5µ7 ` λ6λ5µ7 ` λ7µ5λ7 ` λ8λ5λ7 ` λ5µ7µ3 ` λ6λ7µ3 ` λ7µ7λ3 ` λ8λ7λ3
f82 “ λ1µ1µ6 ` λ2λ1µ6 ` λ3µ1λ6 ` λ4λ1λ6 ` λ1µ3µ2 ` λ2λ3µ2 ` λ3µ3λ2 ` λ4λ3λ2
` λ5µ6µ7 ` λ6λ6µ7 ` λ7µ6λ7 ` λ8λ6λ7 ` λ5µ8µ3 ` λ6λ8µ3 ` λ7µ8λ3 ` λ8λ8λ3
f83 “ λ1µ1µ7 ` λ2λ1µ7 ` λ3µ1λ7 ` λ4λ1λ7 ` λ1µ3µ3 ` λ2λ3µ3 ` λ3µ3λ3 ` λ4λ3λ3
` λ5µ5µ5 ` λ6λ5µ5 ` λ7µ5λ5 ` λ8λ5λ5 ` λ5µ7µ1 ` λ6λ7µ1 ` λ7µ7λ1 ` λ8λ7λ1
f84 “ λ1µ1µ8 ` λ2λ1µ8 ` λ3µ1λ8 ` λ4λ1λ8 ` λ1µ3µ4 ` λ2λ3µ4 ` λ3µ3λ4 ` λ4λ3λ4
` λ5µ6µ5 ` λ6λ6µ5 ` λ7µ6λ5 ` λ8λ6λ5 ` λ5µ8µ1 ` λ6λ8µ1 ` λ7µ8λ1 ` λ8λ8λ1
f85 “ λ1µ2µ5 ` λ2λ2µ5 ` λ3µ2λ5 ` λ4λ2λ5 ` λ1µ4µ1 ` λ2λ4µ1 ` λ3µ4λ1 ` λ4λ4λ1
` λ5µ5µ8 ` λ6λ5µ8 ` λ7µ5λ8 ` λ8λ5λ8 ` λ5µ7µ4 ` λ6λ7µ4 ` λ7µ7λ4 ` λ8λ7λ4
f86 “ λ1µ2µ6 ` λ2λ2µ6 ` λ3µ2λ6 ` λ4λ2λ6 ` λ1µ4µ2 ` λ2λ4µ2 ` λ3µ4λ2 ` λ4λ4λ2
` λ5µ6µ8 ` λ6λ6µ8 ` λ7µ6λ8 ` λ8λ6λ8 ` λ5µ8µ4 ` λ6λ8µ4 ` λ7µ8λ4 ` λ8λ8λ4
f87 “ λ1µ2µ7 ` λ2λ2µ7 ` λ3µ2λ7 ` λ4λ2λ7 ` λ1µ4µ3 ` λ2λ4µ3 ` λ3µ4λ3 ` λ4λ4λ3
` λ5µ5µ6 ` λ6λ5µ6 ` λ7µ5λ6 ` λ8λ5λ6 ` λ5µ7µ2 ` λ6λ7µ2 ` λ7µ7λ2 ` λ8λ7λ2
f88 “ λ1µ2µ8 ` λ2λ2µ8 ` λ3µ2λ8 ` λ4λ2λ8 ` λ1µ4µ4 ` λ2λ4µ4 ` λ3µ4λ4 ` λ4λ4λ4
` λ5µ6µ6 ` λ6λ6µ6 ` λ7µ6λ6 ` λ8λ6λ6 ` λ5µ8µ2 ` λ6λ8µ2 ` λ7µ8λ2 ` λ8λ8λ2
f89 “ λ1µ5µ5 ` λ2λ5µ5 ` λ3µ5λ5 ` λ4λ5λ5 ` λ1µ7µ1 ` λ2λ7µ1 ` λ3µ7λ1 ` λ4λ7λ1
` λ5µ1µ7 ` λ6λ1µ7 ` λ7µ1λ7 ` λ8λ1λ7 ` λ5µ3µ3 ` λ6λ3µ3 ` λ7µ3λ3 ` λ8λ3λ3
f90 “ λ1µ5µ6 ` λ2λ5µ6 ` λ3µ5λ6 ` λ4λ5λ6 ` λ1µ7µ2 ` λ2λ7µ2 ` λ3µ7λ2 ` λ4λ7λ2
` λ5µ2µ7 ` λ6λ2µ7 ` λ7µ2λ7 ` λ8λ2λ7 ` λ5µ4µ3 ` λ6λ4µ3 ` λ7µ4λ3 ` λ8λ4λ3
f91 “ λ1µ5µ7 ` λ2λ5µ7 ` λ3µ5λ7 ` λ4λ5λ7 ` λ1µ7µ3 ` λ2λ7µ3 ` λ3µ7λ3 ` λ4λ7λ3
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` λ5µ1µ5 ` λ6λ1µ5 ` λ7µ1λ5 ` λ8λ1λ5 ` λ5µ3µ1 ` λ6λ3µ1 ` λ7µ3λ1 ` λ8λ3λ1
f92 “ λ1µ5µ8 ` λ2λ5µ8 ` λ3µ5λ8 ` λ4λ5λ8 ` λ1µ7µ4 ` λ2λ7µ4 ` λ3µ7λ4 ` λ4λ7λ4
` λ5µ2µ5 ` λ6λ2µ5 ` λ7µ2λ5 ` λ8λ2λ5 ` λ5µ4µ1 ` λ6λ4µ1 ` λ7µ4λ1 ` λ8λ4λ1
f93 “ λ1µ6µ5 ` λ2λ6µ5 ` λ3µ6λ5 ` λ4λ6λ5 ` λ1µ8µ1 ` λ2λ8µ1 ` λ3µ8λ1 ` λ4λ8λ1
` λ5µ1µ8 ` λ6λ1µ8 ` λ7µ1λ8 ` λ8λ1λ8 ` λ5µ3µ4 ` λ6λ3µ4 ` λ7µ3λ4 ` λ8λ3λ4
f94 “ λ1µ6µ6 ` λ2λ6µ6 ` λ3µ6λ6 ` λ4λ6λ6 ` λ1µ8µ2 ` λ2λ8µ2 ` λ3µ8λ2 ` λ4λ8λ2
` λ5µ2µ8 ` λ6λ2µ8 ` λ7µ2λ8 ` λ8λ2λ8 ` λ5µ4µ4 ` λ6λ4µ4 ` λ7µ4λ4 ` λ8λ4λ4
f95 “ λ1µ6µ7 ` λ2λ6µ7 ` λ3µ6λ7 ` λ4λ6λ7 ` λ1µ8µ3 ` λ2λ8µ3 ` λ3µ8λ3 ` λ4λ8λ3
` λ5µ1µ6 ` λ6λ1µ6 ` λ7µ1λ6 ` λ8λ1λ6 ` λ5µ3µ2 ` λ6λ3µ2 ` λ7µ3λ2 ` λ8λ3λ2
f96 “ λ1µ6µ8 ` λ2λ6µ8 ` λ3µ6λ8 ` λ4λ6λ8 ` λ1µ8µ4 ` λ2λ8µ4 ` λ3µ8λ4 ` λ4λ8λ4
` λ5µ2µ6 ` λ6λ2µ6 ` λ7µ2λ6 ` λ8λ2λ6 ` λ5µ4µ2 ` λ6λ4µ2 ` λ7µ4λ2 ` λ8λ4λ2
f97 “ ´µ1µ1 ´ µ2λ1 ` λ1µ2µ2 ` λ2λ2µ2 ` λ3µ2λ2 ` λ4λ2λ2 ` λ1µ4µ6 ` λ2λ4µ6 ` λ3µ4λ6 ` λ4λ4λ6
f98 “ ´µ1µ2 ´ µ2λ2 ` λ1µ1µ2 ` λ2λ1µ2 ` λ3µ1λ2 ` λ4λ1λ2 ` λ1µ3µ6 ` λ2λ3µ6 ` λ3µ3λ6 ` λ4λ3λ6
f99 “ ´µ1µ3 ´ µ2λ3 ` λ1µ2µ1 ` λ2λ2µ1 ` λ3µ2λ1 ` λ4λ2λ1 ` λ1µ4µ5 ` λ2λ4µ5 ` λ3µ4λ5 ` λ4λ4λ5
f100 “ ´µ1µ4 ´ µ2λ4 ` λ1µ1µ1 ` λ2λ1µ1 ` λ3µ1λ1 ` λ4λ1λ1 ` λ1µ3µ5 ` λ2λ3µ5 ` λ3µ3λ5 ` λ4λ3λ5
f101 “ ´µ1µ5 ´ µ2λ5 ` λ5µ2µ2 ` λ6λ2µ2 ` λ7µ2λ2 ` λ8λ2λ2 ` λ5µ4µ6 ` λ6λ4µ6 ` λ7µ4λ6 ` λ8λ4λ6
f102 “ ´µ1µ6 ´ µ2λ6 ` λ5µ1µ2 ` λ6λ1µ2 ` λ7µ1λ2 ` λ8λ1λ2 ` λ5µ3µ6 ` λ6λ3µ6 ` λ7µ3λ6 ` λ8λ3λ6
f103 “ ´µ1µ7 ´ µ2λ7 ` λ5µ2µ1 ` λ6λ2µ1 ` λ7µ2λ1 ` λ8λ2λ1 ` λ5µ4µ5 ` λ6λ4µ5 ` λ7µ4λ5 ` λ8λ4λ5
f104 “ ´µ1µ8 ´ µ2λ8 ` λ5µ1µ1 ` λ6λ1µ1 ` λ7µ1λ1 ` λ8λ1λ1 ` λ5µ3µ5 ` λ6λ3µ5 ` λ7µ3λ5 ` λ8λ3λ5
f105 “ ´µ3µ1 ´ µ4λ1 ` λ1µ2µ4 ` λ2λ2µ4 ` λ3µ2λ4 ` λ4λ2λ4 ` λ1µ4µ8 ` λ2λ4µ8 ` λ3µ4λ8 ` λ4λ4λ8
f106 “ ´µ3µ2 ´ µ4λ2 ` λ1µ1µ4 ` λ2λ1µ4 ` λ3µ1λ4 ` λ4λ1λ4 ` λ1µ3µ8 ` λ2λ3µ8 ` λ3µ3λ8 ` λ4λ3λ8
f107 “ ´µ3µ3 ´ µ4λ3 ` λ1µ2µ3 ` λ2λ2µ3 ` λ3µ2λ3 ` λ4λ2λ3 ` λ1µ4µ7 ` λ2λ4µ7 ` λ3µ4λ7 ` λ4λ4λ7
f108 “ ´µ3µ4 ´ µ4λ4 ` λ1µ1µ3 ` λ2λ1µ3 ` λ3µ1λ3 ` λ4λ1λ3 ` λ1µ3µ7 ` λ2λ3µ7 ` λ3µ3λ7 ` λ4λ3λ7
f109 “ ´µ3µ5 ´ µ4λ5 ` λ5µ2µ4 ` λ6λ2µ4 ` λ7µ2λ4 ` λ8λ2λ4 ` λ5µ4µ8 ` λ6λ4µ8 ` λ7µ4λ8 ` λ8λ4λ8
f110 “ ´µ3µ6 ´ µ4λ6 ` λ5µ1µ4 ` λ6λ1µ4 ` λ7µ1λ4 ` λ8λ1λ4 ` λ5µ3µ8 ` λ6λ3µ8 ` λ7µ3λ8 ` λ8λ3λ8
f111 “ ´µ3µ7 ´ µ4λ7 ` λ5µ2µ3 ` λ6λ2µ3 ` λ7µ2λ3 ` λ8λ2λ3 ` λ5µ4µ7 ` λ6λ4µ7 ` λ7µ4λ7 ` λ8λ4λ7
f112 “ ´µ3µ8 ´ µ4λ8 ` λ5µ1µ3 ` λ6λ1µ3 ` λ7µ1λ3 ` λ8λ1λ3 ` λ5µ3µ7 ` λ6λ3µ7 ` λ7µ3λ7 ` λ8λ3λ7
f113 “ ´µ5µ1 ´ µ6λ1 ` λ1µ6µ2 ` λ2λ6µ2 ` λ3µ6λ2 ` λ4λ6λ2 ` λ1µ8µ6 ` λ2λ8µ6 ` λ3µ8λ6 ` λ4λ8λ6
f114 “ ´µ5µ2 ´ µ6λ2 ` λ1µ5µ2 ` λ2λ5µ2 ` λ3µ5λ2 ` λ4λ5λ2 ` λ1µ7µ6 ` λ2λ7µ6 ` λ3µ7λ6 ` λ4λ7λ6
f115 “ ´µ5µ3 ´ µ6λ3 ` λ1µ6µ1 ` λ2λ6µ1 ` λ3µ6λ1 ` λ4λ6λ1 ` λ1µ8µ5 ` λ2λ8µ5 ` λ3µ8λ5 ` λ4λ8λ5
f116 “ ´µ5µ4 ´ µ6λ4 ` λ1µ5µ1 ` λ2λ5µ1 ` λ3µ5λ1 ` λ4λ5λ1 ` λ1µ7µ5 ` λ2λ7µ5 ` λ3µ7λ5 ` λ4λ7λ5
f117 “ ´µ5µ5 ´ µ6λ5 ` λ5µ6µ2 ` λ6λ6µ2 ` λ7µ6λ2 ` λ8λ6λ2 ` λ5µ8µ6 ` λ6λ8µ6 ` λ7µ8λ6 ` λ8λ8λ6
f118 “ ´µ5µ6 ´ µ6λ6 ` λ5µ5µ2 ` λ6λ5µ2 ` λ7µ5λ2 ` λ8λ5λ2 ` λ5µ7µ6 ` λ6λ7µ6 ` λ7µ7λ6 ` λ8λ7λ6
f119 “ ´µ5µ7 ´ µ6λ7 ` λ5µ6µ1 ` λ6λ6µ1 ` λ7µ6λ1 ` λ8λ6λ1 ` λ5µ8µ5 ` λ6λ8µ5 ` λ7µ8λ5 ` λ8λ8λ5
f120 “ ´µ5µ8 ´ µ6λ8 ` λ5µ5µ1 ` λ6λ5µ1 ` λ7µ5λ1 ` λ8λ5λ1 ` λ5µ7µ5 ` λ6λ7µ5 ` λ7µ7λ5 ` λ8λ7λ5
f121 “ ´µ7µ1 ´ µ8λ1 ` λ1µ6µ4 ` λ2λ6µ4 ` λ3µ6λ4 ` λ4λ6λ4 ` λ1µ8µ8 ` λ2λ8µ8 ` λ3µ8λ8 ` λ4λ8λ8
f122 “ ´µ7µ2 ´ µ8λ2 ` λ1µ5µ4 ` λ2λ5µ4 ` λ3µ5λ4 ` λ4λ5λ4 ` λ1µ7µ8 ` λ2λ7µ8 ` λ3µ7λ8 ` λ4λ7λ8
f123 “ ´µ7µ3 ´ µ8λ3 ` λ1µ6µ3 ` λ2λ6µ3 ` λ3µ6λ3 ` λ4λ6λ3 ` λ1µ8µ7 ` λ2λ8µ7 ` λ3µ8λ7 ` λ4λ8λ7
f124 “ ´µ7µ4 ´ µ8λ4 ` λ1µ5µ3 ` λ2λ5µ3 ` λ3µ5λ3 ` λ4λ5λ3 ` λ1µ7µ7 ` λ2λ7µ7 ` λ3µ7λ7 ` λ4λ7λ7
f125 “ ´µ7µ5 ´ µ8λ5 ` λ5µ6µ4 ` λ6λ6µ4 ` λ7µ6λ4 ` λ8λ6λ4 ` λ5µ8µ8 ` λ6λ8µ8 ` λ7µ8λ8 ` λ8λ8λ8
f126 “ ´µ7µ6 ´ µ8λ6 ` λ5µ5µ4 ` λ6λ5µ4 ` λ7µ5λ4 ` λ8λ5λ4 ` λ5µ7µ8 ` λ6λ7µ8 ` λ7µ7λ8 ` λ8λ7λ8
f127 “ ´µ7µ7 ´ µ8λ7 ` λ5µ6µ3 ` λ6λ6µ3 ` λ7µ6λ3 ` λ8λ6λ3 ` λ5µ8µ7 ` λ6λ8µ7 ` λ7µ8λ7 ` λ8λ8λ7
f128 “ ´µ7µ8 ´ µ8λ8 ` λ5µ5µ3 ` λ6λ5µ3 ` λ7µ5λ3 ` λ8λ5λ3 ` λ5µ7µ7 ` λ6λ7µ7 ` λ7µ7λ7 ` λ8λ7λ7
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